Abstract. In this paper we study permutations of finite fields F q that decompose as products of cycles of the same length, and are obtained using monomials
Introduction
Consider F q , the finite field with q elements. It is well known that the function π : F q −→ F q defined by π(x) = x i produces a permutation of the elements in F q if and only if gcd(i, q − 1) = 1. Polynomials that produce permutations are called permutation polynomials. We are interested in permutations of F q that decompose in cycles of the same length and are obtained using monomials x i . When 0, 1 and -1 are the only elements fixed by the permutation, these monomials have been characterized in [6] . Here, we characterize the monomials that produce permutations of F q that decompose in cycles of the same length and have any set of fixed elements. We also present formulas for counting the number of such monomials.
Applications of this type of permutations to the construction of encoders for turbo codes are being studied by the authors. Data obtained by CorradaBravo [2] suggests that the relation between the length of the cycles in the cyclic decomposition of the permutation and the length of the cycle of the convolutional code in the turbo code affects the performance of the code. In Section 4 we discuss the application of monomial permutations with cycles of the same length to turbo codes.
We first review some notation and present some results that will be used in the rest of the paper.
Preliminaries from Number Theory
Some of the following concepts and results are well known and can be found in almost any text in number theory. The other results are very easy to prove.
From now on p is a prime number, q is a power of a prime and n, k, l, j, h are positive integers. The Euler function, φ(n), denotes the number of positive integers not exceeding n that are relatively prime to n.
One of the most used concepts in this paper is the order of an element. The order of an integer i modulo n is the smallest positive integer j such that i j ≡ 1 (mod n) and it will be denoted by j = ord n (i).
On Section 3.1 we will give formulas to count the number of permutation monomials 
Cycles of the Same Length
The cycle structure of permutation monomials x i ∈ F q [x] was studied by Ahmad in [1] . The cycle structure for more general polynomials, specifically Dickson polynomials, was studied by Lidl and Mullen in [4] . Here, we present the necessary and sufficient conditions on the exponent i to obtain permutations of F q that decompose in cycles of the same length. We will use the following result proven in [1] . 
We say that a permutation has cycles of the same length j if the permutation decomposes in cycles of length j or 1. The next theorem characterizes the permutation monomials with this property. 
for the other. Proposition 1 and Lemma 3 guaranty that j =
then by Lemmas 4 and 5, we have that, j = ord t (i) or i ≡ 1 (mod t).
Hence, by Theorem 1, all the cycles have length j or 1.
(=⇒) Suppose that all the cycles have the same length j. Then, by Theorem 1, j = ord t (i) or i ≡ 1 (mod t) for all t that divides q−1. This holds in particular
and we are done.
because otherwise, by Theorem 1, there would be a cycle of length different from j. By Lemma 1,
The next results consider the special cases where 0, 1 or 0, 1, −1 are the only elements fixed by the permutation. These results were first presented on [6] but the proofs there did not use Theorem 1.
It is clear that 0 and 1 are always fixed by the permutation x i . Fixed elements are the same as cycles of length 1, so, by Theorem 1, an element is fixed if and only if i ≡ 1 (mod t), where t|(q − 1). Note that −1 is a fixed element if and only if i ≡ 1 (mod 2). Hence, 0, 1, −1 are the only elements fixed by the permutation if and only if i ≡ 1 (mod t) for any t = 2 such that t|(q − 1).
We first consider q being such that 4 does not divide q − 1. In the case where 4 divides q − 1 there are only two monomials that give permutations that decompose in cycles of the same length and have 0, 1, −1 as the only fixed elements. Also, the length of the cycles on such permutations is always 2. Proof. By arguments similar to those given in the previous proof, the only i such that x i gives a permutation with cycles of the same length j = 2 and have 0, 1, −1 as the only fixed elements is i ≡ −1 (mod q − 1).
Counting the Number of Permutation Monomials that Decompose in Cycles of the Same Length
In this section we give formulas for counting the number of permutation monomials that decompose in cycles of the same length j. To do this, we define a bijection between the set of all the i such that x i decompose in cycles of the same length j and another set. Let q − 1 = p
and define
i is a permutation of F q that decomposes in cycles of length j .
and 
To see that f j is onto, let (w 0 , w 1 , · · · , w r ) ∈ W j . We need to find i such that x i decomposes in cycles of length j and i ≡ w n mod p k n n for 0 ≤ n ≤ r. By the definition of W j and Theorem 2, we just have to find a solution to the system
The Chinese Remainder Theorem guaranties that there is a unique solution modulo q − 1 = p 
where, for p n odd,
and, for p n = 2,
Proof. From the previous lemma we have that counting the x i with cycles of length j is the same as counting the elements in W j . For each 0 ≤ n ≤ r, we have to count the number f j, p Proof. By Theorem 3, x i has cycles of length j and 0, 1 or 0, 1, −1 are the only fixed elements only if j| (p n − 1) for all 1 ≤ n ≤ r. Suppose that j| (p n − 1) for all 1 ≤ n ≤ r. As in in Lemma 6, we can construct a bijection between the set of monomials x i that decompose in cycles of length j and have 0, 1 or 0, 1, −1 as the only fixed elements and the set
Again, counting the number of such monomials is the same as counting the number of elements in W j . Hence, by Proposition 2, there are φ(j) r monomials
that have cycles of length j and have 0, 1 or 0, 1, −1 as the only fixed elements.
Application to Turbo Codes
Error control codes are used in digital communication systems to protect information from errors that might occur during transmission. Turbo codes are specially suitable for satellite communication systems since they provide error control performance with a good reduction in the transmitter power levels.
One of the main components of a turbo encoder is the interleaver, which permutes the information symbols. The current practice to construct interleavers is to choose them randomly. The fact that these interleavers are found by computer search implies that they have to be stored in memory. Although good performance can be obtained with this type of construction, it is bad for implementation as well as for performance analysis. To avoid this problem, researchers have considered deterministic constructions that can be generated on the fly and that perform as well as random interleavers.
Most of the known methods for constructing interleavers algebraically do not produce interleavers that perform well. Some of the properties associated to the interleaver that are important to obtain "good" turbo encoders are the spreading and the dispersion factors. An article by Takeshita and Costello [7] as well as data obtained by Corrada-Bravo [2] suggested that another important property of an interleaver is the length of the cycles in the cyclic decomposition of the permutation in relation to the length of the cycle of the convolutional code in the turbo code.
We are constructing interleavers using permutation monomials that give permutations with a fixed length of cycles and studying the spreading and dispersion properties as well as the performance of the codes. In particular, we are studying permutations that only fix 0, 1, −1 because, usually, permutations with few fixed elements have good dispersion. Also, it is very simple to construct monomials The proof of the Chinese Remainder Theorem gives an easy way to construct these i's.
Our simulations show that although our interleavers do not have better dispersion or spreading than random interleavers, interleavers with certain length of the cycles perform as well or better than them. More details on this can be found on [3] Graphs with large girth have been used for the construction of regular and irregular low density parity check (LDPC) codes and recently, in [8] the author derived interleavers for turbo codes from graphs which have large girth. The girth (the length of the shortest cycle) of the turbo code graph, captures the relation between the cycle length of interleavers and the cycle length of the convolutional codes. We are carrying further studies on this relation in an attempt to answer the question as to which other parameters are necessary to established how an interleaver is going to perform. With this approach, we hope to be able to predict the performance of a turbo code with a particular interleaver, based on the cycle length of the convolutional code and the cycle structure of the interleaver. This would remove of the analysis (up to a degree) the painstaking and time consuming task of simulation.
